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PART-I

1. Introduction

The tensor analysis was first formulated by G. Ricci in 1887 and subsequently developed by
Levi-Civita and others. In many physical problems, vector analysis is not sufficiently general
to express the relations among the physical quantities involved, but the tensor analysis helps
us in generalising the formulation of these relationships.

The basic advantage of using tensor is that the results expressed in terms,0f tensors
remain invariant under the transformation of coordinates from one, éoordinatessystem
to another. It is a fundamental fact that all the physical laws of naturegsare independent of the
choice of the coordinate system used to state them mathematically (echeingithe Einstein’s
Principle of Relativity). So Einstein applied tensor as the natural tool for the formulation
of General Theory of Relativity.

Tensors are also applied for the study of Dynamics, HMydrodynamigcs; Electrical as well as
Optical properties of anisotropic solids, etc.

Illustrations

1. As an introductory illustrationwwescosider the flow of electric current. The usual
vector form of Ohm’s Law'is

—

Where J is the cufrent density and E is the electric field intensity and both are
vectors. If theymedium™iSsisotropic, the electrical conductivity o is a scalar and

both J @hd E areyparallel, meaning is that the current is established inside the
medidm,in the'direction of applied electric field and hence

Ji=0E . (2a)
3,=0E, (2b)
Jy=0E ., (2c)
-
J
- —_
_T N E -
N E
N
(Inside isotropic medium) (Inside anisotropic medium)
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Hence
=0k a1 23
in case of 3D Cartesian coordinate system (X;, X,,X;).
However if the medium is anisotropic, as in many crystals, the current density J,
along X, -direction may depend on the electric fields along X, and X, - directions

as well as along X -direction. So,

J,cE,E, E,
and we assume the following linear relationship to replace the equatien in (2a)
3
J=0uE +0,E,+03E =D 0y E v i, (33)
j=1
Similarly
3
J, =0nE +0,E, +0,E, =D 0, BN (3b)
j=1
3
Jy =0y E +05,E, + 03B =D 6 By M (3c)
j=1

Combining all the above three equations (8a), (3b)"and (3c) in 3D cases
3 .
J,=> 0K =0, 1=123.
j=b

(by using Einstein’s summation convention)
The first suffix of o; indicates the direction of J and the second suffix for that of E

Thus the scalar, electrical ‘eonductivity o has been given way to a set of nine (09)
elements gy (W] =132,3) Yor an ordinary 3D space.

* o.0i :(611’01210_13’621’02210-23’631’03210-33) is a wrong way of writing o

e “Angithe correct way of representative of o; is as follows.

O O Oy
oN=| 0y 0y Oy and o; is the components of the electrical conductivity
O3 Oz Og

tensor.

e The array of nine elements of o;; forms a tensor. But this does not mean that

any square array of numbers or function forms a tensor. The essential
condition is that the components transform according to a specific rule.
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2. If the medium is isotropic dielectric, the relation between the polarisation vector P

and electric field E is given by

P=¢E
where ¢ is the scalar dielectric constant. The x-component of Pis given by
R =¢E,
Similarly,
P, =¢E,
P =¢E,
in 3D XYZ system. The general form is
R =2k i=1,2,3

However, if the medium is anisotropic dielectric, the %-component)of P may also

depend on y and z components of E as long as x-compenent of\E , Te.
Ro<E,E,), &
Assuming the linear relation-

3
P =éeyE +&,%, PeBys Zglej
-1
Similarly

3
P,z &nk, RenE, +6,xE; = 282j Ej

=t

3
Pscabde,E, +e5E, =Zg3jEj

j=1
In general, for an ordinary 3D/space
3 PR
Pi = ZgijEj :gijEj y (|1 J :11213)
j=1
where &y, is thexdielectric tensor with nine elements and can be written as

&1 & &3

Eij =| € €xn &3

€31 &3 33

2. General Rules

1. Tensors have no special notation unlike vectors (K,E,\?, ..... )

2. Tensors are expressed in terms of their components, viz- A, Bij,Ci'j‘, ...... _
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There are two ways of specification of tensor components, one by superscripts
and the other by subscripts. The suffices i, j in A} are called superscript and

subscript respectively. The superscript does not mean the power index.
3. Except zeroth rank tensors (scalars), first rank tensors (vectors) and second rank
tensors (oy; , & ,...), higher rank tensors can not be visualised.

4. The rank of a tensor is equal to the number of suffices or indices attached to it.

E.g. Ci‘j( is a component of 3" rank tensor.

Definition of RANK of a tensor:

Rank of tensor gives the number of mode of changes of aphysical quantity when
passing from one coordinate system to another one which'is_in, _rotation relative
to the first.

Zeroth rank tensors

Scalars or invariants do not get changed whentthe axes are rotated and so mode of
change for scalars is zero. So, they are zereth rankytensors.

Scalars a(xl,xz,xs, ...... ,XN)—>a(>_<l,>_(2,>_(3, ...... ,XN)za
Dot product m=AB—"Y sm-AB=AB=m
Scalar function B X2, ,x”)%g}(il,iz,ia, ...... ,>_<N)=¢

A zero rank tensoris simply defined by a single number regardless of any
coordinatesSystem and hence they are invariants under coordinate transformation.

Firstrank tensers
The\\firsty, rank tensors need for their complete identification a number,
representing the magnitude and a direction representing their geometric

erientation within their space.

Examples of tensors of different rank

Rank Examples

Zero Temperature, energy, mass, volume, density, dot
product of two polar or axial vectors, etc.

One D_isplacement, velocity, acceleration, force, electric
field, etc. (vectors)

Two Strair_l,_ stress, inertia, electrical  conductivity,
permittivity, Kronecker Delta, etc.
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Three Piezoelectric moduli, Levi-Civita, etc.
Four Elastic/Stiffness tensor,

Tensors of higher rank are relatively rare in science and engineering

5. The number of components of a tensor of a particular rank in any dimensional
space can be calculated using the following formula.

Number of components=(DIMENSION)RANK

Thus, a tensor of rank R in D dimensional space has DR number of components.

6. A) If all the components of a tensor in one coordinate system vanish at,a point P,
they vanish at that point in every coordinate system.

B) In the same way, if the components of two tensers are egualin one coordinate
system, they are equal in all coordinate system.

7. The transformation properties of an,object determines whether or not it is a
tensor.

8. A repeated index in a term indicates Summation, by Einstein’s summation
convention and it is also_ called'a dummy or umbral index. A repeated index can
be substituted by another new index.

An index occurringgonly once in a given term is called a free index.

For example, én thesterm 31ij , the index j is the dummy (repeated) index and

index 141s ‘themfreé index. By Einstein’s summation convention,
. N . N
i 4 il _ m
3, X' ED axM=Da,x" |.
j=1 m=1

Problem: Mention'Whether tensors a} x* and a?x" are same or not. (2018)

Hiat: Hereul index is the repeated or dummy index, while g and o are the free indices. A
repeated index may be substituted with some other new index, but if the free index is
substituted'with a new one, the tensor gets changed to another one.
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3. Transformation rules for contravariant tensors

3a. Transformation properties/rule for the components of radius
vector under rotation of coordinate axes in 2D plane

f

Transformation rul ents of the radius vector r are
X =x‘c LcosO + x%cos G - 6) = xYcos(X1, X1) + x%cos(X1, X?)
2
=a,X +a,X" = ;aﬁX‘
(From ure
X =ob=oa+ab —cg+gp=de+gp=x>sin@+x"cosd)

and

-2 . — —
X =—x'sin@+x?cosf = xcos (g + 9) + x2cos8 = x'cos(X?,X1) + x%cos(X?,X?)

2
=a, X +a,x’ = z a, X'
i=1
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(From the figure
X' =oc=0d —cd =ae—eg = x2cos@—x'sin9)

In compact form

2
v i v i in=
X =leapix' or x' =a;x, (i,p=12)
i=
where a, =cos(Yp, x‘): cosine of the angle between X" and X' axes.

Differentiating the above equation w.r. to X" , We get

ox’ 9 , ox i
o o )= 5 =2l gl

where a,, is called the transformation factor or cofaetor apd 8, issthe Kronecker Delta,

which property is

5 =— =1, when'i=
ox’

=0, When'i # |

—p
=P i P 8X i
XN=auX - X =\ — X.
OX

The above transformation rule is‘used to define any component of the radius vector I' in a

Hence,

new 2D coordinate,system (?p, p=12 system) in terms of the components in the old 2D
coordinate,system (xi, =12 system), if and only if the new system gets a rotation relative
to the old one:

e ' The above transformation rule can be extrapolated to coordinate systems

of N dimensions. If X' be the ith component of radius vector I in
(xl,xz,x?’ ........ ,XN) coordinate system of N dimensions, then the pth

-p . . —1 —2 —3 —N .
component X of radius vector I' in (X X X s , X ) coordinate system of

N dimensions is given by

- Nfax" ), [ox" ), .
=3 22 X = 22 X Lp=L123..... ,N
X ;{ax'}( Lax']x’ P
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if and only if, the new coordinate system is a rotated system relative to the old
system.

e Any set of quantities A" which transforms like the components of radius
vector as given by the above equation is defined as the contravariant vector
or contravariant tensor of rank one. Therefore, the transformation property

for a first rank contravariant tensor A' is
. N -p _ —Pp _ )
) (G N L A TR X SO
=l oX' OX'

Definition of Contravariant tensor of rank one

If N quantities A", A>, A°,......... AV in the X' (1=1,2,3 e, , N Jucoordinatéysystem of N

dimensions are related to N quantities A, A", A", ......... A i thenCep=42,3,.......... N)-
coordinate system of N dimensions by means of the following egquation

—p —-p —p
Kp_[gxlel+[%]Az+ ................. +£2XNJAN
X X X

—o Afox™NLH[ox" ] .
A = —_— AI = — AI

then the N quantities A", A>, &, ... % , A" dre called the components of a contravariant tensor

of rank one (vector), in the X, -¢oordinate system, and A, A, A ... A" are the

components of thé same contravariant tensor of rank one (vector) in the x" -coordinate
system.

o Displacement as a 1st rank contravariant tensor

i Coordinate Transformati —p
XI oordinate [ransformal IOH:\, X
dXi Coordinate Transformation d)_(p
Since X=X (K xM), p=12,....,N
—P -P —P —P
-p  OX OX OX NOX .
dx' =——dx +—5 dx* +....+ —dx" =D ="—dx' (By chain rule)
X OX = ox'
—P
-p . . . .
=dx =| — dx' (By Einstein’s summation convention)
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The above transformation rule for the components of a displacement vector respects that of
for 1% rank contravariant tensor, so displacement is a 1% rank contravariant tensor.

e Velocity as a 1st rank contravariant tensor
i Coordinate Transformation , —P

X > X

i -p
i
i dx Coordinate Transformation \7p _ dx

Tt T

—p dx” ox dx ox dx’ ox dx" _
:T:WE+WE+ ....... +—— (By chaingule)

N ox dx [ ox |dx

= ) ——=| —— |—— (By Einstein’s summatien ¢ofivention)

& dt | ox | dt

—P
i OX i
VS [eany v

The above transformation rule for the compenents,ofta velocity vector respects that of for 1%
rank contravariant tensor, so velocity is ail® rank contravariant tensor.

e Acceleration as a Ist rank,contravariant tensor

i Coordinate Transformation , —P

X ? X

i P
i
il dV Coordinate Transformation ap dV

N —
> =

dt dt

—-p - p
X %= X (xl, X2, ..., xN)

—p —p
a :dL:i ai Vi
dt dt|| ox'

(Applying transformation rule for 1% rank contravariant tensor)

—p —p , —p
_|djox. vi+ai_di=0xvi+ai.a‘
dt| ox' ox' | dt OX'
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e The above transformation rule/law/property for 1% rank contravariant
tensor can be extrapolated to higher rank contravariant tensors.

3b. Transformation rule for Contravariant tensor of rank two

(Definition of Contravariant tensor of rank two)

p=123.... ,N))-coordinate system of N dimensions by means of the&
—n &[ox |[ox |, [ox | ex
qu _ 2 hahl AI] =| 22 A
variant tensor of rank two in

then the N? quantities A" are called the components
the x-coordinate system, and A™ are the com nts, ofsthe same contravariant tensor of

rank two in the X-coordinate system.

3c. Transformation Rule for Contgavafantitensor of rank three
—r & [ ox” | ox" [ ox oxa ox* |[ ax | .
qu = _ _ . . A”k ' ,r:1,2,3, .......... ,N
i,j,zk:i OX' ]{GX' ](% bl ox? J(axk] ’ P.4
4. Tran &athules for covariant tensors
4

rmation rules/properties for the components of gradient
r function under coordinate transformations

Gra a Scalar function ¢= ¢(X, Y, Z) in 3D XYZ coordinate system is defined as

=, ~0p 0p 0@ ~ O
radg=Vo=1—+ | —+k—=> 1 —.
gradg =vy OX Jay 0z Z OX

It is a vector quantity. Extrapolating the above expression from three to an N dimensional
space, we can write down the gradient as

gradqﬁs%, 1=1,2,3.. N

Class Notes on A, B, C of Tensor Algebra for B.Sc. (M).....Arup Bharali
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Now we make a coordinate transformation as follows.

i Coordinate Transformation —p

X > X

And thus, the transformation of different components of grad¢ become
i
0¢(x ) Coordinate Transformation

aa(;P)
ox' ! ox’

(in the old x-coordinate system ) (in the new X-coordinate system)

W) o

ox"  ox’

(since ;75= ¢ is a scalar function)

0 X 0p X g ox"
:yTp-f-yTp‘f‘ .............. +a_NTp
OX ox X" ax

(since ¢= ¢(X1, X2 X, XN) an@husing,chain rule)

_x0¢ X
—;axi ox"
Hence
o _(ox' ) ag. hp=123.....N
ox" \axgox\

That is the transformatien rule for the components of gradient of a scalar function
$=p(x Y, Z);
Whenever thetransformation rule for a quantity (tensor) resembles the transformation rule for

the cempoenents of gradient of a scalar function ¢:¢(X’ y,z) than that quantity (tensor) is
called a‘eovariant tensor of rank one.

Definition of covariant tensor of rank one

If N quantities A, A, A, ... A, in the X (1=12,3,.cceee N )-coordinate system of N
dimensions are related to N quantities Ar, Az, As, ......... Aw in the X" (P=12,3,......... N)-
coordinate system of N dimensions by means of the following equation
_ 1 2 N
Apz{afij+[aprAQ+ ................. +£a§ijN
OX OX OX
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i-1 \ OX OX
then the N quantities A, A, A,,......... , A\, are called the components of a covariant tensor of
rank one (vector) in the X' -coordinate system, and A, Az, A ... , A are the components

of the same covariant tensor of rank one (vector) in the X" -coordinate system.

e The above transformation rule/law/property for 1t rank covariant tensor
can be extrapolated to higher rank covariant tensors.

4b. Transformation rules/properties for 2" rank covafiaht tensey

(Definition of Covariant tensor of rank two)

If N2 quantities A, (1,]=123,...... Ny in the X' (1=1268,.....% »N9=coordinate system

of N dimensions are related to N2 quantities Apq, (WP, 051 234....... N ) in the x° (

p=123,.... ,N)-coordinate system of N dimensions By, méans of the following equation

- NCoxt ) oxd ax' P ox
qu = —— || /=5 i=hT—/—s || = iy
i;[axpj(axq%’ (ax”J[axqu’

then the N? quantities A are calledthe compenents of a covariant tensor of rank two in the x
-coordinate system, and qu are the components of the same covariant tensor of rank two in

the X-coordinate system.

4c. Transformgatiof RUle for Contravariant tensor of rank three

— N (Coxt )\ ox! [ oxk ox' ) oxd [ ox*
qur = — — = ik — — — p— ik ?
i,j,zkl(axpj{axqj(axrjAJ (axp](aqu(ax JA

p,q,r=123,........ N

5. Contravariant and covariant tensors - In what sense they
differ one from the other?

The difference between these two kinds of tensors is how they transform under a
continuous change of coordinates. Comparing the transformation rules of covariant tensor
with that of contravariant tensor, it is seen that they both define the transformed components
as linear combination of the original (old) components (see the definition of contravariant
and covariant tensors of rank one), but in the contravariant case the coefficients
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(transformation factor) are the partial derivatives of the new coordinates w.r.t. the old (i.e.
-p

et etc.), whereas in the covariant case, the coefficients are the partial derivatives of the

—P

old coordinates w.r.t. the new (i.e. [ﬁiJ etc.).
OX

e In general, any given vector or tensor can be expressed in both contravariant
and covariant form w.r.t. any given coordinate system. For example,

2 Figure 1

PLP? contravatiant componerts

v F1.Py  covariant com ponents

—

(@ P* and P? are contravariant components of P in the (Xl,XZ)

coordinate'system, (exg«displacement vector)
The ‘contra’ éemponents ‘go with’ the axis, i.e. the jth component of a

cantravariant vector P is the projection of P onto the jth axis parrel to the
other axis.

(b) Pyand P, are the covariant components of P in the (Xl, X2) coordinate

system. (e.g. gradient of a scalar field, which is a vector)
The ‘co’ components ‘go against’ the axes, i.e. the jth component of a

covariant vector P is the projection of P into the jth axis perpendicular to
that axis.

(c) It may seem that the naming convention is backwards, because the
"contra" components go with the axes, whereas the "co™ components go
against the axes, but historically these names were given on the basis on
the transformation laws that apply to these two different interpretations.

(d) Those terms contravariant or covariant really just signify two different
conventions for interpreting the components of the object with respect
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to a given coordinate system, whereas the essential attributes of a vector or
tensor are independent of the particular coordinate system in which we
choose to express it.

(e) For orthogonal coordinate system, contravariant and covariant components
are identical. That can be seen by imagining that coordinate axes in the
figure are perpendicular to each other.

(F) The contravariant and covariant types of tensor are inked through the
metric tensor.

6. Finally.......... Definition of tensor:

A tensor is an array of mathematical or physical objects (usually numbers orfunctigns) which
transform according to certain rules under coordinate transformation.

e The term tensor was derived from the Latin word ‘témus’, which means
tension or stress. Tensor was first used fer ‘mathematical description of
mechanical stress.

Isotropic tensor:

If the values of the components of asqgiven, ténsor are invariant under coordinate
transformation by proper rotation of axesythen the tensor is said to be an isotropic tensor. E.g.
scalars (or zero rank tensors), first rank tensor of*any dimension ( or zero or null vector),
Kronecker Delta (or second rank tgnsor), eevi-Civita tensor (or third rank tensor).

Mixed tensor:
A mixed tensor has both contravariagtand covariant characteristics. E.g. A, B}k,CE , etc.

The minimum rank. of a mixed*tensor is two- one fold contravariant and one fold covariant,

i.e. A} and its transformation rule is given below.

i Coordinate Transformation

-Pp
X > X

i Coordinate Transformation AP
Aj — Aq

_ N P j _ L j )
-3 2 | 2 )
il X ox ox' |\ ox

The transformation rule for a mixed tensor of rank (m+n) with m-fold contravariant and n-
fold covariant in N dimensionsis given below.

i Coordinate Transformation p

X

X
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Page 17 of 39

g i Coordinate Transformation Z\qpl’ P2 1-es P
12200 0n 7 W02 sl

T P1iP2 Py N 8)_(’)1 8)_(p2 8;% 8le 8Xj2 6Xj" i i o
Y ) ) LIS
iy i voeeiy =1 OoX OX OX

Jidz e In=l
3 ax™ [ ox™ ox’" ox: \( ox’ ox Al iy
axil axiz .............. axim aiql a)_(qz ........... _a)_(qn 122 dn

Invariant:

If a physical quantity remains unchanged under a coordinate transformation, then that
quantity is said to be an invariant under that particular transformation. Scalars (or zero
rank tensors) are invariants under any coordinate transformation.

Problems in Transformation_rul8s T&r tensors

1. Which of the following quantities is a tensor of,rank 1?%2016)

3 3
Sab, e e
i=1 k=1

k=1

Hints: Repeated index is for summation, no. of free inices gives us the rank.

2. A vector X has components (xl,xz). If the coordinate system is rotated
counterclockwise by an‘angley@,the components are transformed into (il,;(z). From

the transformation rule

OX
Obtain,the matrix form of {(37] . (2016)

]

Hints =1
2
. . ox' . ox 1+6921 X
i=1, xt = -x) = X X
L dx) oxt 0x?
j=1
2 422 =2 =2
o ) dx j dx 1+6x .
i=2, x° = -x1 = x x
L dx) dx1 d0x?
Jj=1
(921): axt  ox? (xl):a“(xl)
x2/ o\ ox? [Rx2/ T Ax?
dxt  9x2

Class Notes on A, B, C of Tensor Algebra for B.Sc. (M).....Arup Bharali



Page 18 of 39

. axt .
Hence, matrix form of —is

dxJ
dxt ox?!
| axt ox?
U=\ 9x2 ox?
axl 9x2?

3. Show that displacement, velocity and acceleration are 1% rank contravariant tensors.
(See theory)

4. Determine whether the acceleration is a contravariant or covariant tensor, mention its
rank. (2017)
(See theory)

5. Give two physical examples of a 2" rank tensor. (2015)
(See theory)

6. Is BY =x'x) atensor?

Hints:
Xi Coordinateslransformation N ;p
.. .. Coorgdinate Transformation _
BY = xiyx/ —7  BP4 = xPx4
BPW~= %P x4 (afr’ i) ((39261 j)

=X X" =\—Xx —X
oxt oxJ

(52) (55) e

=\l )XX

oxt/ \ox/J
Hence,

- (02) )
~ \oxi/) \oxJ

Since ‘theyabove, relation is exactly similar to the transformation rule for 2" rank
contravatiant'tensor, BY = x‘x/ must be a contravariant tensor of rank 2.
% sy’ (1+ xj) a tensor?
Hints: BY = x' (l+ xj)
—_ _ _ afp . a,gq .
Pq — P qy — (9% i oxd
BP1 =xP(1+x )—( x)(1+ax].x)

axt
T
dxt) \oxJ XX

%Py
(axi)x

The above equation shows that BY = X' (1+ xj) does not obey any transformation

rule for tensors. So, it never be a tensor.
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Show that a_A] is not a tensor although A is an arbitrary covariant tensor of rank 1.

OX
(2017)
Hints: Since 4; is a contravariant tensor, its transformation rule is
i =2,
Poxp !
i Coordinate Transformation , =P
X —> X
dA; Coordinate Transformation >6 Ap
axJ axq
Hence,
04, 9 [ox' a [oxt it dxt 04;
dx9  9xd|oxr | o9xa\dxr) " LR 0xT

Since, the above expression can not be moulded to the form of atransformation rule
04;
for any tensor, .7 hever be a tensor.

In the language of tensors, what is the type of gradientwof a scalar field? (2018)
Hints: The transformation rule for the,gradient'ef a scalar field (section: 4a)

%(6_}% =123, N
ox  \oxp X

Which is similar to the transformatiortrule for 1% rank covariant tensor. So, gradient
of a scalar field is a 1% rank'eovariant tensor.

If the components ‘ef ‘a,tensor are zero in coordinate system, then prove that the
components'are'zero in all coordinate system.
) _ i 0xd. 0. . _
Hint: 477 2% 221 it AU = 0, then SP9 = 0.
ox! 0xJ

The“gomponents of a contravariant vector in the X-coordinate system are 6 and 3.
Obtain its Components in the x - coordinate system, if

>_<1=7(x1)2 and >_<2=6(x1)2+2(x2)2
Hints:
(x1’ x2) N ( fl , .722)

Al =6, A2=6 - A'=?, A% =? (Innew coordinate system( x1, x2))

Transformation rule

AP = 22: 0% At
- L oxt
=1
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= (7)) + o (6()? + 2(x1)?)

_ _1
Hence, A' = 84x! = 12V7x* /2, etc.

1

1
—1 -1\ =2 12 2
(Ans:Azlzﬁ(x)z,A ( ) 6\/_{ ——x})
NG g
12. Find the covariant components of a tensor in cylindrical coordinates pWe¢ and* z , if
its covariant components in rectangular coordinates X, y_&“Z_are 2X-Z, X’y and

yz.

i Coordinate TransformationG, }P

Hints: X >
ip=1,23

In old coordinate system (x! = x, x2 = PxN="2)
Ay = 2x — z(= 2x1 — x3), A= x2y="1)%x?), A, = yz(= x%x3)

In new coordinate system (i3 = p, X2 = (p,x = Zz)
An= A, = A; =2
Transformation rule
_ oxt
Ap = ﬁ
Relations between thetwo Sets of coordinates
X = pcosp, y=psing, zZ=7z

- dxt axt dx? ax3
If pP= 1, A1 =ﬁAi =ﬁA1 +£A2 +ﬁA3

0x ay ., 0z
—%(ZX—Z)‘F%(X }’)+%(3’Z)

A;

= [aa_p (p cos<p)] (2p cosp — z) + [% (p sin<p)] ((p cosp)?p sing)

N [az] .
p (p sing X z)

Hence, A, = 2p cos?@ — z cosp + p® sin?¢ cos?
Similarly, A, = =2p?sing cosp — pz sing + p* sing cos3¢
And A; = pz sing
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13. A covariant tensor has components xy, 2y—x* and xz in rectangular coordinates,
find its covariant components in spherical coordinates. (2017)
Hints: Same as the Problem-11
Relations between the two sets of coordinates
X =rsinf cosp, Yy =rsinfsing, Z =1 cos6
(Ans: 2rsin*@sin*¢+r?>sin@cos* 6cosg , 2r’sindsin® gcosd—r’sin 6cosHcos ¢

and —r’sin® @cos ¢+ 2r’ sin* @sin ¢ cos @)

14. The Cartesian components of velocity vector of a fluid in motion in a two dimensional
plane are given by v, = x* and v, = y. Find the components of the velogity vector
in (r, 8) polar coordinates. (2018).

Hint: (x,y) - (r,0)

Since, x =rcosf, y=rsind - r=(x%# yz)l/z, 0 = tan‘li

In tensorial notation x=x1, y=x? and nN=%L, 0 =i’

x! =i cosx?, x?=x'cosx?® - B NOD+ (x2)2) 2, 22 = tan_li
Given, components of velocity vectogin (g )'system v, = x2, v, = y?

In tensorial notation, in (x1, x?) system vl =(xH?, v?=(x?)?

In (¥1, ¥2) system vl =2, . v2=?

Transformation rule,

2

vF = -V
L Oxt
i=1

2
1 e ox' . ox' 1+6921 X
p=>% v . axi’ T oxt’ Toxz?
=1
ar ar d 1 d 1
- o, =) (2 2/2}2{_2 2/2}2
vy axvx+ayvy {ax(x +y*) /25 x% + ay(x +y=) /2ty
After simplification v, = 1r%(cos30 + sin30)
Similarly, vg = r(cosf + sinf)sin6 cosl

15. What is a mixed tensor? Write down all possible transformation rules for a mixed
tensor of rank 4.
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. zaf.. _ (0%%0xF )(axi axJ ) ab..
Hints: A, " = (axa 55 ) 5 500 A
cd

Examples of $th rank mixed tensor: A/, BSE, €3,

16. Write down the transformation rules for a 4™ rank mixed tensor of 1-fold covariant
and 3-fold contravariant.

7. Kronecker Delta

It is a unit tensor (or unity tensor) of rank 2, whose all elementStare zero exeept those with
identical values of the two indices and those with identical,valuesiof the two indices are
assigned the value equal to 1.
. ox
1 _ N O
o; = pw =1 s j

=0 P2

Proof: Kronecker Delta is a tensor of rank 2

By definition
N X g -
Foex T
=0 i # ]
i i i -Pp
XI Coordinate Transformation > X

5i Coordinate Transformation 5 P
] 7ea

_ W _ N AyP i
. OX 0 Xp(Xl,XZ,...,XN) oX OX

O0q >—=—=- =Y —— —— (Using chain rule in differential calculus)
X a q i .=a
0%, NO0X iz OX' ox
ox" ox . . ., . .
= o (According to Eienstein’s summation convention)
X" 0x

o |fad e
ox' | gx" ) ox!
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This equation is exactly similar to the transformation rule for a mixed 2" rank tensor of 1-
fold contravariant 1-fold covariant.

We may start with 0" and 5, , and then also we will find a transformation rule for 2" rank
ij

tensor.)

Proof: Kronecker Delta is an invariant in all coordinate systems, and hence isotropic.

By definition

We start with the transformation rule for Kronecker Delta.

_ v’ i
5| [G—fq]a;
8X ax

ox” | axd ) ax
= . — (Applying the definitiomof Kronecker delta
o (a)_(q]ax, (Applying )
x' oy’
—p
=2
OoX
If
pP=q, Sg =1
p#Q Si=0"

It is a symmetsic tensor, as & =67 | 5 =5, 5 =5}

Covariant, Gentravariant and mixed type of this tensor are the same, i.e. O = 5”- = 5}

Problems in Kronecker Delta

1. Prove that Kronecker Delta 5} is a mixed tensor of rank two.
(See theory)

2. Show that the components 5} of have the same values in all coordinate systems.

(2014)
(see theory)
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3. What is the value of Kronecker Delta 5, ? (2017)
(Hint: 0, apply the property of Kronecker Delta 6} ,when i = j.(i=12, j=21))

4. What is the value of 8! in six dimensional space. (2018)
Hints: 6/ =Y 6l =61 +62++68=1+1+-+1=6.

5. Evaluate the quantity )" s; in four dimensional coordinate system. (2014)
i,j=1

Hints: 3¢, 8 =X%.1(6! + 67 + 67 + 6}')
=61+ 082 +63+61)+ (62 + 62+ 683 +67) + (63 + 62 #65 ¥63)
+ (61 + 62 + 83 + 69)
=(1+0+0+0+(O0+1+0+0)+(0+0+1+0)+(0+0+H0+1) =4

6. Evaluate
Z 51.1AJ'. (2015)

j=1,2,3

(Ans: A')

7. Evaluate 6}6,{6{‘61 in N-dimensional spaee. (2018)
Hints: 57576/ 8 = §!5](F6Y) = 6/ 8hs*, ete.

8. Show that SU'U’ represents, Square of the magnitude of the vector
U=iU'+jUu?+ku® (2016)
Hints: 6{U'U/ = B¢, §{U'DE =33, 8! U U7 + 67 U2U7 + 63 U3UY
DS TYLPNSZUZUT + S3U3UY) + (BIUU? + 62U2U2 + §3U3U2)
+ (63UUB + §2U2U3 + 63U3U3)
= VW + U20% + VU3 = 0.0 = |0

9. «Show, thdt SU'V' behaves like dot product of U =iU'+ju?+kUu® and
V =iV 24KV, (2015)
(same as the problem-8)

10. Show that
(815% + 8,00 )Wy =W, + W, (2015)
Hints: 85, (85Wii) + +85 (85 Wiy) = 85Wiyp + 8/ Wip=.....

11 1f x=x, y=X*, z=x°, show that
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P
> .¢.5;=v2¢. (2015)
i,j=1,2,3

8. Symmetric and anti-symmetric tensor tensors
Symmetric tensors

If any two indices of a tensor are interchanged and nothing changes, then thetensor is called
symmetric tensor w.r.t. those two indices.

E.g. If AJ be a 3" rank tensor and A’ = A" for all i and jiL A’ isisaithto be a symmetric
tensor w.r.t. i and j.
We consider a symmetric tensor S; w.r.t. i and j in 3Dycoordinate system. Its 9 components

are given below.

Sy S, Sy
Sij =151 NS Oy
Sa S

Since S;=S; = S,,=5,, S£=5,:S;,=5;; , the total number of independent
components of a 2" rank tenseFim3D'is 6.

Sy S S
Sij = S12 S22 Sz3
S13 S 23 833

e The'numberief independent components of a Rth rank symmetric tensor in N

dimensienal space is equal to the number of combination of (N+R-1) taking R
N+R-1)!
at@ time, i.e. """C, =u.
RI(N -1)!

Anti-sywpmetric (or skew-symmetric) tensors

If any two indices of a tensor are interchanged and a —ve sign comes out, then the tensor is
said to be an anti-symmetric tensor w.r.t. those two indices.

E.g. If B be a 5" rank tensor and B/ = —B7¥ for all j and k, then B is said to be an
anti-symmetric tensor w.r.t. kand I.
We consider an anti-symmetric tensor A; w.r.t. i and j in 3D coordinate system. Its 9

components are given below.
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Ar Ay A
Aj =l Ay Ay Ay
Ay Ay Ay

Since A =-Ay > A =-A,, A,=-A; A=-Aj and A=A, =Ay =0,
so the number of independent components of a 2" rank antisymmetric tensor in 3D is 3.

0 A, A
Aj =| A, 0 Ay
_A13 _Azs 0

e The number of independent components of a Rth rank ant-symmetric tensor in
N dimensional space is equal to the number of combination'ef (N+R-1) taking
N!

RI(N-R)!

e For skew-symmetric, if N <R, what will happen?
For example, N=2 and R=3 for a tensor, C; % of\whigh the components are

Ci11+Ci12+ Cia1: Cizp1 Gy, Gy @NA Cppp Bt

1117 ~1127

Ratatime,ie “C, =

C,=C,, =C,, =C,, =C,,; =€, ='C;.%= Ohso N must be larger than R for

anti-symmetric tensor.

e The indices whose exchange “defings the symmetry and anti-symmetry
relations should be of.the same variance type, i.e. both upper or both lower.

e The symmetry and‘anti-symmetry characteristic of a tensor is invariant under
coordinate transformation.

Proof: Every tensor can Bg%lgcongposed into a symmetric and an anti-symmetric part.

We consider a covarianttenson, A; of rank two.

1 1 1 1
A; :lpﬁﬁ%p\i :(E’AﬁﬁEAjij*(gAu _EAjij:Pij +Q;

2
il 1 1 1
where B =§A,- +§Aji and ’ :EAj _EAj‘
if 10 ], then P, P, 1A +1A4 =P, and so, P, is a symmetric tensor w.r.t. the
i i 2 ji 2 j ij ]
indices i and j.
If 10 ], then Q, —Q; :%Aji —%Aj =-Q,, and so Q; is an anti-symmetric tensor

w.r.t. the indices i and j.

Thus every tensor can be decomposed into a symmetric tensor and an anti-symmetric tensor.
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Problems in Symmetric and anti-symmetric tensors

1. Show that every tensor can be decomposed into a symmetric and an anti-symmetric
part.
(See theory)

2. What is the number of independent components of anti-symmetric tensor A™ in four
dimensions? (2018)
Hints: N*Cr==6

3. If A; isasymmetric tensor, which of the following is correct? (2014)

() A +A; =0

(i) Aij + Aji = Z'Aﬁj

(iii) Aj—Aji #0

(iv)  None of these
(Ans: (ii))

4. Show that symmetry / anti-symmetry«of“a ‘tenSer is maintained under coordinate
transformation.
Hints: Let S¥ be a symmetric tensor. S0, S/ & SV

Transformation rule

= AxP axd _;:
P\ X 0X ¢ij

S oxt dxJ S

0x4 0xP

© 9xJ axt
0x? dxP
T 9xJ 0xt

— Gap

ij

Jji

ThuseSP? is again a Symmetric tensor in the new coordinate system. Similarly we can
shew that“if, theMensor is anti-symmetric, i.e. S/* = —SUY, the property will remain

unchanged in the new coordinate system, Ie.
SPg — Gap.

5. Under transformation coordinate, mention whether anti-symmetric property of a
mixed tensor is conserved or not. Explain with reason. (2018)
Hints: Not permissible.

» 0x? dx’ A

9  9xtoxa
q 0x? 0x/ ; 0x dx/ i dx’ 9x j
peq =TT Ao A T T o5 A) = T4
P 9gxioxpr /)  0Oxtoxp t dxP dxi 't
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oxd
dxt
are not in the correct form. So, anti-symmetric property is not observed in the
transformed components in the new coordinate system.

(Same case will happen for symmetric property of a mixed tensor.)

The RHS of the above equation can not reproduce —/Tg, as the cofactors % and

6. g; is a symmetric covariant tensor in 3-dimension (i, j =1,2,3). Expressing it in a

matrix form, show that it has 6 independent components. (2015)
(See theory)

da, 0a; . .
7. Show that A, :67;_5'1 is an anti-symmetric tensor. (2016)

(Hint: See il j)

8. If A; isaskew-symmetric tensor, prove that

(5}61 +5/61 ) A, =0. (2016)

9. If A™ isan anti-symmetric tensor and B is‘ayveetor, Show that A™B_B, =0. (2017)
Hints:  A™B,,B, = A"B,B,, (me )= %A""'B,B,, = —A™B,,B,
Hence, 2A™'B,,B, =0 - A™ BB, =\

10. If A, is a skew-symmetric tensor, show that

(B4B»+B'BS)A, =0  (2017)

11. If &, and b, are twosymmetric tensors satisfying the equation
a;b, —a,b, +a,b, —a,b; =0,
show that ay,= pbNis a'solution of the above equation where o is a constant. (2016)
Hints:"WHS=pbby; — pbibjx + pbjiby — pbyb;;=0.

12, 14, i@ symmetric and BY is an anti-symmetric tensors, prove that ~ A;;BY = 0.

13.% A and B are two ordinary vectors, then show that components of AxB form a
second rank anti-symmetric tensor. (2014)

Hints: Let, 4 = (A,A,,A3) and B = (B, B,, B3) in 3D.
(AXB), = A;Bs — A3B; = Ty
Similarly
(AXB), = A3B, — A;B; = Tx,
(AXB), = A1B, — A;By = Ty,
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Hence, TI,] = ALB] - A]Bl
i j, Tj=A;B;—AB; =—(A;B; — A;B;) = —T;; (anti-symmetry)
And
Tii = T]] = 0
T11 T12 T13 0 T12 T13
Tij =|T21 T2 Tos|=|-T12 0 T3
T3 T3 T3 —T13 —Tz T3
Thus, number of independent components T;; of AxB is 3in 3D. Hence, AxB 2nd rank
anti-symmetric tensor.
Alternately,
_ o axt ax’ ox/
Tpq = ApBg — AgBp = ﬁAi ﬁBj - ﬁz‘lj

= axt dx/
T —

71 = o U \
which shows that the components of AxB @o mation rule of 2" rank tensor.

N
@Q _______________________

B
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PART - 11

Rules of combination for tensors

The algebraic operations defined on tensors are addition, subtraction, multiplication and
contraction. Multiplication of tensors of two types — (i) Outer multiplication and (ii) Inner
multiplication. The operation of division is undefined for tensors, but we have an algorithm-
called the Quotient Law, which is similar to the division algorithm.

1) Addition and Subtraction

Rule: The operations of addition and subtraction are defined only fer-tensorsief same
rank and type (i.e. contravariant and covariant in nature).

In the process of addition (and subtraction), the corresponding components'ef two tensors of
the same number ‘n’ of contravariant indices and the same numbex_2m’ of covariant indices
are added together (and subtracted) and the quantities “thus, obtained are again the
components of tensor of ‘n’ contravariant and ‘m’ covariant mdices. i.e.

C;k + D}k = A}k Ry RG, =S

(It is similar to addition and subtraction fok, vecters‘ef same type and in component-wise
manner.)

Proof: C}k and D}k are the compa@nents of two mixed tensor of same rank and type (1-fold

contravariabt and 2-fold covariant"8™¥ank»tensor) in the Xi( 1=1,2,3........ ,N')-coordinate

system of N dimensions™NoWw, we consider a coordinate transformation from X' (

coordinate system of N dimensions as follows.

i Coordinate Transformation , —P

X > X

Ci Coordinate Transformation E p
jk 7 qr

i Coordinate Transformation ~P
D ik —> qu

— ox’ | axi V[ ax* )
x \ax )\ ox

_ v j kK)o
Dgr: 8xi 8)_( 8>£r D}k
x' JLax" )\ ox

By the transformation rules

Hence,
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o =[x (o )X \rai
C§r+Dgr: : ( _q]( —r]licjk-'_Djk]
X N\ox Jlox

The above equation is exactly similar to the transformation rule for a mixed tensor of rank 3
with 1-fold contravariabt and 2-fold covariant. So, C;k + D}k must be a mixed tensor of rank 3

with 1-fold contravariabt and 2-fold covariant and the above addition rule is admissible for
tensors.

(Similarly we can also prove the same rule for subtraction also.......HW)
2) Outer Multiplication of tensors

Rule: Two tensors can be multiplied component-wise to get a new tenser whase rank is
the sum of that of the two tensors in the product. i.e.

Al — a contravariant tensor of rank 1 and

B) — amixed tensor of rank 2 with 1-fold contravariant and‘1-fold covariant,
Outer multiplication A'xB} =CJ, where CJqis‘a'mixed tensor of rank 3 (=1+2) with 2-
fold contravariant and 1-fold covariant.

Proof:

i Coordinate, Transformation =P

X > X

Ai Coordinate Transformation Kp
7

Bj Coordinate Transformation gq
Kk 7 r

i), k=12.3,.......... . N p,q,r=12.3,........ , N

Applying transformatien rules

=p [/ —a
A x B | PO A | | 2% |[ 2 |
axl axj a)—(r k

—-p —q k
y axi 8Xj L@iinkaj
8X 8X ax

—-p —q Kk
. _DQ_ @X OX 8X ij
O (8XiJ axj](a_rJCk
X

The above equation is exactly similar to the transformation rule for a mixed tensor of rank 3
with 2-fold contravariabt and 1-fold covariant. So, C,) must be a mixed tensor of rank 3 with
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2-fold contravariabt and 1-fold covariant and the above multiplication rule is admissible for
tensors.

(Prove the multiplication rule with tensors of different rank and type....... HW)
3) Contraction

Rule: In any mixed tensor, if we put a contravariant index equal to a covariant index,
then summation over the repeated index is to be taken according to Einstein’s summation
convention and the rank of the resultant tensor reduces by 2. i.e.

C% — amixed tensor of rank 5 with 3-fold contravariant and 2-fold¢ovakiant

m m

e N ae . . .
Applying contraction =i —  Chk=>Cl =Cll+CZl+... L. +CK
i=1

(By Einstein’s summation convention in N dimensional coordinate,system)

Clk (:Cj,ik+C§,ik+ .......... +Ch’fr‘;f) is a resultant tens®r, of\rank 4 (=5-2) with 2-fold

contravariant and 1-fold covariant. Index ‘i’ governsithe'summation, it has no role at all in
determining the rank of the resultant tensor.

e Contraction can be repeatedly applied and, inveach contraction, the rank of the
resultant tensor will reduce by 2. Applying, 2™ contraction m= j in the above tensor

N
the resultant tensor becomes ‘€4= >" C, rank of which is 1 (=5-2-2).

Cin
ij=1

Here ‘i’ and ‘I’, and “j%, andm™are called contractable indices. The other pairs of
contractable indices'ake (i;m), {J.1), (k,1) and (k,m).

o A given tensox, withy an*scontravariant indices and ‘n’ covariant indices can be
contractedin m xn different ways.

e But (i,j), (,k), (j,K»and (I,m) are not the pairs of contractable indices. If the
contraction,is done, the resultant quantity will no longer be a tensor.

1.

Pr@of:\If captraction is applied once, the resulting sum is a tensor of rank two less than that
of the\grighaal®tensor.

i Coordinate Transformation —p

X > X

C i _Coordinate Transformation 6 Pa
Kk 7 r

i,j,k=123,... . N p,q,r=1,2,3,.......... ,N
By transformation rules of mixed tensor of rank 3 with 2-fold contravariant and 1-fold
covariant
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Applying contraction

—_p —q Kk
—pg | OX || OX | OX i
r=a > Co= g ax’}(a?}ckj
[ (o) i
x Jlaxt )"
— ixp 5!<Clii
x|
By definition, Kronecker Delta 5} :a_x_ =1, I =)
ox!

=0 Y

—wa [0X7 ) &[ox] )
. Cpq = —— CIJ = _— CIJ
{E)e-5{ZK

The above equation is exactly similar togthe transformation rule for a resultant contravariant
tensor of rank 1 (j is the repeated index). Se, the resulting sum must be a contravariant tensor
of rank 1 (=3 - 2) and (q, r) is a pair of centractable indices. Thus the above contraction rule
is admissible in mixed tensors,

If possible, we apply the éontraction q= p in c.

0 Epp _ a)_(p a)_(p an CIJ
VU T ax | ax! ox “
X

The above equation does not match with any transformation rules for tensors, therefore the
above contractionds net admissible in case of tensors.

AYQInRer multiplication

Rule:he inner product of two tensors means an outer product of the two followed by at
least one contraction w.r.t. an index of one tensor and an index of opposite character of
the other tensor. Thus, the inner product of two tensors is a tensor of rank two less than
the sum of the ranks of the original two tensors. i.e.

A}k — amixed tensor of rank 3 with 1-fold contravariant and 2-fold covariant, and

B/" — amixed tensor of rank 2 with 1-fold contravariant and 1-fold covariant.
Step 1: The outer product of the two tensors is
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Ai.k xB" = C;L"I ,

j
where C'JT, is a mixed tensor of rank 5(=3+2) with 2-fold contravariant and 3-fold covariant.

Step 2: Now Applying contraction for two indices of opposite character and taking one from
each of the two tensors.

. N .
=i — Cj :Zc;’;} :C}E-FCJ.ZQ = ST +CFJ,L1 , Which is a resultant tensor of rank 3
i=1
(=5-2) with 2-fold contravariant and 1-fold covariant.

The second possible contraction is m=j or m=k.

5) Quotient rule:

If a quantity X is inner-multiplied by an arbitrary tensor anddhe resalting,guantity is again a
tensor, then the quantity X is also a tensor.

It is a simplified rule to decide whether an unknown<gquantityisreally a tensor or not.

Statement:

If a quantity X (i, j.K) is such that
X (i, k) A" =B/,

where A' is an arBiitrary ‘eontravariant tensor of rank 1 and B/ is a tensor of rank 2

with 1-fold gontravaright and 1-fold covariant, then the quantity X (i, j,k) is a tensor

of the type X, .

Proof:

AN

i Coordinate Transformation —p
X X

X (l, jl k) Coordinate Transformation > Y( p.q, r)

Ai Coordinate Transformation Z\ p
7

B j Coordinate Transformation gq
Kk 7 r

i, j,k=12,3,......... N P, r =123 ... N

(By applying transformation rules for tensors)
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(38 rsmn
~X(pan| 2 |- 20 2 ean
=] 5 {3 5 G eeinr()

HE e
st

s (2 e

(Applying the property of Kronecker Delta)

The above equation is exactly similar to thedtransfermation rule for a mixed tensor of rank 3
with 1-fold contravariant and 2-fold covatiant. Se, X (i, j,k) = X, must be a mixed tensor of

rank 3 with 1-fold contravariant and"2-fold cevariant.

Rroblems in Combination Rules for Tensors

(Additien, Subtraction, Contraction, Outer multiplication, Inner
multiplication)

1.4 Prove that the sum of two tensors of same rank and type is also a tensor.
(See theory)

2. Prove that the difference of two tensors of same rank and type is also a tensor.
(See theory)

3. Define outer product and inner product of two tensors. (2014)

4. Show that (Ai + Bi) is not a tensor.
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i Coordinate Transformation —-p
Hints: X > X
. Coordinate Transformation _ _
(A'+B) — AP + B,
Transformation rule
=4 3 _a_xiB.
Cooxt Pogrp
Hence,
AP + B =ﬁAi+a—xlB-
P gxt oxp "

The above expression shows that A? + B, does not respect transformation rufe,for any

tensor, so (Ai + Bi) never be a tensor.

5. Show that (Pi +Qij) is not a tensor.

6. If G' and T are two contravariant tensors“ef ‘rank, 2 and satisfy the equation
GY"—KT" =0 in coordinate system x', showthat they satisfy the same form of

equation G —KT' =0 under coordinate transfopmation x' —x . Here K is an
invariant. (2016)

Hints: X =X

GYU — KTU - GPW—KTP9 = GP9 — KTP4
GP1 — KTP9 = @ia—’zi GY.— K 0x" 0x" TV = 0x” 0X7 [GY — KTY]
Jdx' Ox/ dxt dxJ dxt dxJ
Hence, GP91 — KTP%= Zi:‘;i; x0=0

7. If A'+B¥=0 in aycoordinate system x', show that A'M + B’} =0 after a coordinate
transfermationyx’ — %" . (2015)

8. “What'do you mean by contraction of a mixed tensor? Contract Al twice. (2014)
(Seetheory)

9. Ifeontraction is applied once, prove that the resulting sum is a tensor of rank two less
than that of the original tensor.
(See theory)

10. IfF T) = AB__ is a mixed tensor of rank four contracted by outer multiplication of A
and B, . Construct a tensor of rank 0 by the process of contraction. (2015)
Hints: Applying contraction m =i » T = AYB;, = ¥;AUB;,, there are 2 free

indices, so rank of T/ is 2.
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Again applying contractionn = j — Tl.ijj = AYB;; = ¥,;; AYB,;, there is not a single

free indice, so rank of Tiijj is 0.

11. If a tensor of rank N is contracted 2 times, what would be its final rank? Obtain a zero
rank tensor from the fourth rank tensor R} . (2016)

12. If A" and B, are tensors, show that two inner products of rank 2 and O respectively
can be formed.

13. A covariant tensor of rank 2 and a contravariant tensor of rank 1 are’given by“g , and

A" respectively. How can you obtain a tensor of rank 1 by combining,them?2 (2016)

14. Find inner product of two tensors A" and B; .

i=1

coordinate system )

15. If R; and g” are two tensors, what isithe rank of the quantity g”R; ? (2014)
16. What is the rank of A'B;? (20%4)
17. What is the rank of th€,quantityN\AZ4B,, | ? (2015)

18. What do youdmean by amtinvariant? (2015)

19. Find the innérprodugt of two tensors A' and B;.
Hints: ‘Ottter product A'X B; = C/
Contraction j=i
[nper product C} = AP x B; = Y; A'B; = A'B, + A’B, + -+, no free index,
resulting sum is a zero rank tensor (scalar) and similar to the scalar or dot product of
twa vectors.

20. Show that the contraction of outer product of tensors C™ and D, is invariant. (2018)

21. If A" and B, are contravariant and covariant tensors respectively, show that A'B, is

invariant under coordinate transformation x' — x" . (2015)

(Hint: Start with Kpgq, apply transformation rules, then apply contraction q = p, use
the property of Kronecker Delta, finally you get /_A"Ep =A B )
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If g; is a second rank covariant tensor and A' and B' are two contravariant tensor of
rank 1, show that the quantity g;A'B’ remains invariant under coordinate
transformation x' — x"*. (2016)

(Hint: Start with g, A'B", apply transformation rules, then apply contractions r = p

and s —q, use the property of Kronecker Delta, finally you get g, A"B" = g,AB' )

oxP ) _ _ )
If a—q =5qp and Aj is a covariant tensor of rank 1, show that C' =B" AJ. transforms
X

like a contravariant tensor of rank 1 under coordinate transformation, x' — %' . Here
B is an arbitrary contravariant tensor of rank 2. (2015)

(Hint: Start with B™ Ar, apply transformation rules, then apply*centaction r = q , use
—po— ax” . x|
the property of Kronecker Delta, finally you get B Aqp= 7 B™A, = v C")

Apply contraction on 5} and find its value.

dimensional coordinate system )

If 1" is a contravariant tep$or of*rank 2 and @; is a covariant tensor of rank 1, show

that L' = I" e, transforslike & contravariant tensor of rank 1. (2016)

If A and B, are tensorsyshow that A’B; is not a tensor. (2017)
Hints:

Jasge _ (0X10X 0x* (@@BP)
y "o dxt dxJ axy k) \oxr axc 1

- 0x* 0xP ax* .\ (0x% 9x1
AP BE = |=—==—==4) (— B”)
v e dxt oxJ 0xv % ) \9xp axe 1
The RHS of the above expression could not reproduce a tensorial transformation rule
for A'B;,so A'B, is nota tensor.

Express in proper tensor form

A(p,q,r)B+G(t,p)D, =E(t,s,k)Fy
(Hint: Apply the rules of addition and inner product, e.g. E(t,s,k)F} —E*Fp =aP.
The two terms in LHS must be 1% rank contravariant tensor with contravariant index
p.)
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Hints: Transformation rule
—apy _ 0X%0%P XY 0x* 0x™

PT " 9xt dxJ xP dxP x°

Applying contraction a = p, B =0

_ 0xP 0x° dxY dx* ox™
grov = X 9%
po dxt dxJ 0xP 9xP 0x°
_ ax"‘ ax"" ax iy
dxt dxJ oxp  km
axY

_ sk ijp
= 6; Sj'mﬁAkm

Say _ 0XV kmp
ASU T 9xp Akm )

which is exactly similar to the transformation rule follo b
(contravariant 1% rank tensor). Thus, Af? is a contrayafian

*khkkkk ** *x

N
o
R

ijp
km

ijp
km

tr
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28. If A;'j;fl is a tensor, show that Af? is a contravariant vector. (2018)

<

ariant vector
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